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BOUNDARY-VALUE PROBLEM FOR A DEGENERATE SYSTEM
OF PARABOLIC EQUATIONS IN BOUNDARY-LAYER THEORY

N. V. Khusnutdinova UDC 517.946

A problem is considered for the system describing gas flows with plate boundary layer separation in
Mises variables in boundary-layer theory. The existence of generalized solutions of the problem is
proved.
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1. Formulation of the Problem. In a domain E = {t,2: 0 <t < T, 0 < & < oo} we consider the first
boundary-value problem for the system of equations

L(u,w) - w = (a(u, w)uwy), + b(t)w, —w; =0 (a >0) (1)
subject to the conditions
w(0,2) = mg(x), w(t,0) = my, lim w(t,z) = M, (2)

where
w(tvx) = {u(t,x),w(t,:c)}, mo(x) - {uo(x),mo(x)},

my = {0, m1}, Moo = {Uoo, Moo} (M1, Moo, Uso) = const > 0.

In boundary-layer theory, problem (1), (2) in Mises variables describes steady-state gas flow near a plate at a Prandtl
number Pr = 1 with gas injection [if b(¢) < 0] or suction [if b(¢) > 0] through the plate. In this case, u(t, x) is the
horizontal velocity component, w(t, z) = u?/2+0 is the total energy, 0(¢, z) is the enthalpy, and a(u,w) = a(f) is the
dynamic viscosity. In [1], problem (1), (2) was studied under the assumption that the functions b(t) are nonnegative.
It was proved that problem (1), (2) has a classical solution w(t,z) provided that u(t,z) > 0 for (¢,z) € F, which
corresponds to a continuous gas flow over the plate.

In the present work for an arbitrary sign of the function b(¢), it is proved that problem (1), (2) has generalized
solutions which, in particular, correspond to gas flows with plate boundary layer separation, i.e., with the formation
of stagnation domains [u(t,z) = 0]. In this case, the classical solution may not exist since the derivative of u,
becomes unbounded at a certain point [2].

We consider the class H(FE) of functions g = {p(¢, ), q(t, z)} which are continuous in F, have a generalized
derivative (p q)., and satisfy the inequalities

p(t,z) >0, lgl < Mp, (pq)e| < M, (t,x) € E,

where M is a certain positive constant.

DEFINITION 1. A function w(t, z) = {u(t,x), w(t,z)} will be called a generalized solution of the boundary-
value problem (1), (2) if w = {u,w — m1} € H(E), my; = const > 0 and for each function E which is finite in
f(t,z) € CY(E) and equal to zero for z = 0 and T, the following integral identity is satisfied:
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//(f,g(.u—Unuc%fgg—b(.uf$ dtd:v—l—/mo—ml f(0,2)dx = 0. (3)
E 0
Here

Let the following conditions be satisfied:
1) the function a(u,w) be determined for values v > 0 and w > 0, is positive for these values and satisfies
the smoothness condition

a(u,w) € C*(Qn) VN >0, Oy ={u,w: 0<u<1/N, I/N<w< N}

2) the functions mg(z) € Cl(O,oo), u3(z) € C1[0,00), b(t) € C*[0,T)VT > 0, a € (0,1), and Cl(O,oo) =
C[0,00) N CY(0, 0);

3) the functions {ug, ugy, mo—ms, Moug—|mg|} > 0at x > 0, up(0) > 0, and me(0) = mq, xlggo mo(z) = Mmoo
(My is a certain positive constant).

Theorem 1. If conditions 1-3 are satisfied, the boundary-value problem (1), (2) has a generalized solution
w(t,x) in the domain ENT > 0, and in the domain ET = {t,z: u(t,z) > 0, (t,x) € E}, the solution w(t,z)
belongs to C*t*(ET).

2. Construction of Approximate Solutions. Let f,(t,7) = {fL(t,x), f2(t,x)} € C3(E,), E, = {t,z:
0<t<T,0<z<nt, fu(t,0) ={1/n,m}, fu(t,n) = mo,(n), and mo,(x) = {uon(z), mon(z)} = fn(0, ).

The functions mo,(z) € C3[0,00), which approximate the initial profiles mq(z) = {ug(z), mo(z)} in the
norm C’l(O, 00), satisfy the compatibility conditions at the points (0,0), (0,n) of the zeroth and first orders:

mo, = {1/n,m1}, L(uon(0),m0n(0)) - mo,(0) =0, L(uon(n), mon(n)) - mo,(n) =0.

In addition, these functions satisfy the following condition:

4) 1/n < ugp(x) < My, my < wop () < M, up,(x) > 0, Myug,, —|mg,| >0 at x € [0,n], n > N > 0, where
My = sup {ug,mo, Mo} + 1/N (N is a relatively large positive number).

z€[0,00)

We change the coefficient a(u,w)u in system (1), assuming that a(u,w) = x1(u)a(x1(u), x2(w)), where
{x1(u), x2(w)} € C?(—00,00) are used to denote the cuts of the functions u and w:

1/(2n), w<1/(2n), mi/2, w<my/2,
x1(u) = u, u € [1/n, My, xo(w) = w,  w € [my, M,
2M1, ’UJ>2M1, 2]\417 w>2M1
For the boundary-value problems
(ZL(U, w)wx)z + bw, —w; =0, (ta I) € Ey; (4)
w(t,x) = fu(t,x) at (t,x) € 0E, = E,\ E, (5)

for n = N, by virtue of the presumed smoothness of the functions f, (¢, ), a(u,w), and b(t), solutions w, (¢, z)
exist, are unique, and belong to the space C(E,) N C*T%(E,,) (see [3, Theorem 7.1]).
For (t,x) € E,, condition 4 allows one, using the maximum principle, to obtain the estimates

1/n<un(t7$) <M17 mi <wn(t7$) <Mla (6)
by virtue of which
X1 (un(t, ) = un(t, x), X2 (wn (t,2)) = wy, (8, ),
i.e., the solutions w, (¢, z) of the boundary-value problems (4) and (5) also satisfy the boundary-value problems (1)
and (5).
3. Estimates of Solutions of Auxiliary Boundary-Value Problems.We prove the following lemma:
Lemma 1. In a domain E, (n > N), the following estimates are valid:
[wn (¢, ) — wp (8, )] < Ma|un(t,2) — upn(t,1)], 1=0,n; (7)
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Unz (t, :E) 2 Oa |wn;v (ta LL’)| < M2 Unz (ta LL’); (8)

[Up - Wne(t, )| < Ma, 9)

where My is a constant independent of n.

Inequalities (7) and (8) are proved in [1] (Lemma 1) for a(u,w) = a(#), b(t) = 0. The proofs of estimates (7)
and (8) in [1] are also valid for the case considered.

To prove (9), we multiply by 2u,, both sides of Eq. (1) for the component u = u,, and denote

da da
ap = a(unvwn)a Cn = Un 6uZ Upg + Uy awz Wng + b.
For 0 = u?, we obtain the equation
Ot = 0 UnOgz + CnOw. (10)

Obviously, the coefficients of this equation satisfy the conditions of Theorem 1 in [4], which implies uniform bound-
edness in n for the derivative o, = 2upun, and, in view of (8), for the derivative u,wy,, are which proves the validity

of (9).

Lemma 2. In the domain E,, the following estimates hold:

jo(t1, @) — otz )] < Mafts — ta]'/%; (11)

[w (t1,21) = wn (b2, 22)| < Ma[n [ty — to] 4 |21 — 22])] 7", (12)

where Ms does not depend on n.

Because the derivative o,(t,z) is bounded uniformly in n, it follows that, to obtain estimate (11), it is
sufficient to apply Theorem 1 in [5] to the solution o(t,z) of Eq. (10).

To prove (12), we make a change of the required function in the equation for w = w,,:

Wn,
H(t,x) = /e_l/f dg, Wn =wy —my (my = const > 0).
0
As a result, we obtain the equation

Hy = anpunHyy + bH, + F(t,2), (13)
where

Ve g upw, e Ve Jw? (W= wy).

F(t,x) = (anun)swy €
From the estimate of the functions F(t,z) and H, = w, e /¥, in view of inequality (7) and the inequality
e—l/w < e—l/(Mg(un—l/n))
it follows that F(¢,z) and the derivative H, are uniformly bounded in n. Thus, Theorem 1 in [5] applies to the
solution H(t,z) of Egs. (13), whence it follows that H(t,x) satisfies (in ¢) the Holder condition with the Holder
constant and the exponent independent of n:
|H(t1,21) — H(t2, 2)| < col[ts — o] + 21 — 22])”, » € (0,1). (14)

We estimate dH = H(t1,z1) — H(t2,z2) in terms of dw = w1 — we = wy(t1,21) — wy(t2,x2). We set £ =
dw T + wy — myq. Then,
w1 —m1 1
0H = / e 1/ d¢ = 5w/e*1/(5w THw2=m) gr s oy ¢/ (W)
w2 —m1 0

From this it follows that
[In (6H/e1)| < ¢/ (dw).

In view of (14), the last inequality is easily transformed to inequality (12). Inequalities (11) and (12) ensure uniform
continuity of the sequence {w,,(¢,z)} on each compact E' C E.
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Lemma 3. In a domain T ={t,z: 0 <t < T, St <x <n} at B > |b| and fairly small values of v, 1/X, and
1/N (independent of n > N), the function g(t,z) = v(1 — e~ *+8) e~ 1 1/n is the lower boundary for u,(t,z):

Un(t,z) = 1/n+~y(1 — e #HP) =2t (15)
Proof. We set
Lo(tn )t = anuigy + dp(u)u? + buy — ug,

where
Oay, Oay,

dp(u) = a,, — u — Msu , ap = a(Up, Wy).

ouy, own,
Since |wyy| < Matp,, we have Lo(un )ty < L(ty, wy)u, for (t,x) € E,. We choose the numbers v and 1/N small
enough so that the difference u,, (¢, x) — g(¢t, z) = z(t, z) on the boundary 911 = IT\II of the domain II is nonnegative,
and we choose A large enough so that the expression Lo(uy,)g is positive. This is possible for 5 > |b|. Then, the
following inequalities hold:

2(t,x) ot >0, Lo(un)un — Lo(un)g = L1 (un)z <0, (t,z) eI

[L1(uy,) is a parabolic operator]. By virtue of the maximum principle, these inequalities ensure that z is nonnegative
everywhere in the domain of II, and, hence, estimate (15) is valid.

REMARK 1. According to Lemma 3, the set II; /,, of points (¢,z) € E, at which u,(t,2) = 1/n belongs to
the domain E,, \ II.

Lemma 4. The integrals // Un |Wpe|? dx dt over any finite domain E' C E are uniformly bounded in n:

E’

//un|wm|2dxdt < My. (16)
E/

Proof. We substitute w,, into (1). Multiplying each of Eqgs. (1) by the corresponding component u,, or
wy, we integrate the resulting equations over the domain E’. The integrals containing the derivatives (a,un Wz )s
are taken by parts, and the remaining integrals are estimated in modulus using (7)—(9). Simple calculations yield
estimate (16).

4. Passage to the Limit as n — oco. By virtue of the estimates obtained in Sec. 3, the functions
wy, = w, —m; are uniformly continuous on each finite compact E’ C E and the derivatives (u,wy, ), are uniformly
bounded. Using the compactness principle and applying the diagonal process, we find a subsequence w,,, such that,
as ny — 00, it converges uniformly to a certain function w = {u(t, z), w(t, x) —m; } which has a bounded generalized
derivative (uw), [6, p. 42], and (up, wp, )s converges to (uw), weakly in Lo(E’). We redenote wy,, = wy,.

By passing to the limit in inequalities (6), (11), and (12) for w, (¢, z) as n — oo, one cane see that u(t, x)
and w(t, ) are nonnegative and continuous in E. We prove that w(t, z) satisfies the integral identity (3). It is clear
that the integral identity (3) is satisfied by the functions (E = E,,)

wn(t, ) = {un(t, x), w, (t, ) —mq}.

The uniform convergence of w,, — w allows passage to the limit as n — oo in identity (3), in particular, in the

integral // AUy, [z W dt dz. We set o(t,z) = ay/u and Y (t,2) = Juw,. Using ¢, (t, z) and ¥, (¢, z) to denote
E

the same functions for Uy = Uup(t, z) and w,, = wy,(t,x), we consider the differences
(Spn"(/}nfw) - (@a"/’fm) = (Spn - @a"/’nfw) + (fm@a"/’n - Q/})CHE + (fw@a"/’n - Q/’)Hev (17)

where (f,g) = / fgdtdx, I, = {t,x: |un(t,z)| <e, (t,x) € By}, and CII. = E, \ II..
ETI,
On the right side of (17), the first term tends to zero as n — oo because of the uniform convergence ¢, to
¢ in E' C E. The integral over II. is uniformly small with respect to n for small e. For fixed ¢, the integral over
CTI. tends to zero since, in this domain, the derivatives w,, satisfy the Holder condition uniformly in n (see [5,
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Theorem 4.6]) and, hence, in the domain CTl., wy,, — w,. By virtue of the arbitrariness of ¢, from this we obtain
lim (¢n, Yufo) = (0, P fa).

Thus, the limiting function w = w — m; belongs to the class H(E) and satisfies the integral identity (3).
We prove that, in the domain where u(¢,2) > 0, the function w(t, z) satisfies system (1) in the usual sense.

Let (to,z0) € F and u(tp,z9) > 0. Because the sequence w,(t,x) converges uniformly to w(t,x), it is
possible to indicate a number N such that, for all n > N, the inequalities w,(¢,2) > 0 are satisfied in a certain
rectangle Ily containing the point (¢g, 7). Then, the sequence {w,(t,z)} (n > N) is compact in C?T%(Ily), and,
consequently, the limiting function w(t, x) has derivatives w;, w,, and w,, in the rectangle I and satisfies system
(1) in the usual sense. In particular, Theorem 7.1 in [3] implies that the function w(t,z) € C?**%(Ily) and is a
classical solution of system (1) in the domain IIy. In addition, lemma in [7] implies that zlingo w(t, ) = Moo. The

theorem is proved.
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